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Introduction

T HE process of transition from laminar to turbulent � ow re-
mains one of the most important unsolved problems in � uid

mechanics and aerodynamics. Transitional � ows are characterized
by increased skin friction and heat transfer, and the accurate deter-
mination of heating rates and drag critically depends on the ability
to predict the onset and extentof transition.However, no mathemati-
cal model exists that can accuratelypredict the locationof transition
under a wide range of conditions. Design engineers resort to meth-
ods that are based on either empirical correlationsor linear stability
theory.

The en method is currently the method of choice for determining
transition onset. The method is based on linear stability theory and
generally requires the following steps.

1) Mean � ow must be precalculatedat a large number of stream-
wise locations along the body of interest.

2) At each streamwise station, a local linear stability analysis is
performed. By assumptions of the linear theory, the unsteady dis-
turbances are decomposed into separate normal modes of different
frequency. The stability equations are solved for the spatial ampli-
� cation rate of each unstable frequency.
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3) An amplitude ratio for each frequency is then calculated by
integrating the spatial ampli� cation rate in the streamwise direction
on the body, i.e.,
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4) The n factor is then determined by taking the maximum of the
just calculated quantity at each streamwise location.

The major problemwith theen method is that the n factordoesnot
represent the amplitude of a disturbance in the boundary layer but
rather an ampli� cation factor from an unknown amplitude A0 . The
amplitude A0 represents the amplitude of a disturbanceof speci� ed
frequency at its neutral stability point. Its value is related to the
external disturbanceenvironment through some generallyunknown
receptivity process. As a consequence, the value of n that deter-
mines transition onset must be correlated to available experimental
data.1 Additionally, the en method requires the use of several com-
putational tools such as a boundary-layer or Navier–Stokes � ow
solver to calculate the mean � ow and the linear stability solver to
determine the ampli� cation rates.2 Methods based on the nonlinear
parabolized stability equations3 (PSE) are being used to determine
transition onset but they have not received the wide acceptance en-
joyed by the en method. Methods based on the PSE also require
precalculation of the mean � ow and speci� cation of initial condi-
tions such as frequency and disturbance eigenfunctions. Methods
based on linear stability theory only provide an estimation of the
locationof transitionand can provideno information about the sub-
sequent transitional and turbulent � ow.

In this work, a different approachhasbeendeveloped,which does
not require precalculation of the mean � ow or the speci� cation of
frequencies.It determinesthetransitiononsetandcalculatesthelam-
inar, transitional,and turbulent regions in a single computation.The
approach employs a two-equation model similar to that employed
in turbulent calculations. It is based on the premise that, if a � ow
quantity can be written as the sum of a mean and a � uctuatingquan-
tity, then the exact equations that govern the � uctuations and their
averages are identical irrespective of the nature of the oscillations,
i.e., laminar, transitional, or turbulent. Moreover, if it is possible to
model the equations governing the mean energy of the � uctuations
and their rate of decay (or other equations) in such a way that one
does not appeal to their nature, then the resulting model equations
will be formally identical. However, the parameters that appear in
the modeled equationswill dependon the nature of the � uctuations.
As an illustration, let us assume that we employ a Boussinesq ap-
proximation to model the stresses resulting from the � uctuations,
i.e.,
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and where is the density, Ui is the mean velocity, i j is the Kro-
necker delta, and t is the coef� cient of viscosity brought about by
the presence of � uctuations. The form indicated in Eq. (2) is used
for all � uctuations, but the expressions for t are quite different
because the physics governing them is different.

The present approach is developed in conjunction with the k–

turbulence model of Robinson et al.4 Details of the approach are
given in Ref. 5. To explain its nature, the modeled k-equation is
written as5
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where t t and is the molecular kinematic viscosity.As may
be seen from Eq. (3) and Refs. 5 and 6, to close the model one needs
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to specify t and k , which is a representativedecay time. Within the
laminar region, these quantitieswill be determined based on results
of linear stability theory.

For subsonic Mach numbers and regions where cross� ow insta-
bility is unimportant, the dominant mode of instability is the � rst
modeor theTollmien–Schlichting(T–S) mode.For low-speed� ows,
the dominant disturbance frequencyat breakdown is well predicted
by the frequencyof the � rst mode disturbancehaving the maximum
ampli� cation rate. Using the work of Obremski et al.,7 Walker8

showed that this frequency can be correlated by

U 2
e 3 2Re

3
2 (4)

where Ue is the velocity at the edge of the boundary layer, Re is
the edge Reynolds number based on displacement thickness , and

is the frequency.
The eddy viscosity resulting from � uctuations in the laminar re-

gion can be modeled by

t C k C 0 09 (5)

where is a viscosity timescale.Using the frequencyof the domi-
nant T–S disturbance, the viscosity timescale can be modeled in the
laminar region as

a (6)

where a is a model constant. Within the laminar region, the repre-
sentative decay time for the kinetic energy is modeled as

1 k a t S S2 Si j Si j (7)

The quantities appropriate for turbulent � ows, t and kt , are
taken from Ref. 6. Quantities that are valid throughout the � ow� eld
are obtained in terms of the quantities k t , and kt and the
intermittency , which represents the fraction of time that the � ow
is turbulent.At a given point, the � ow is laminar (1 ) of the time
and turbulent of the time. This allows the viscosity timescale to
be written as a transitional viscosity timescale, i.e.,

1 t (8)

Similarly,

1 k 1 1 k 1 kt (9)

The intermittency is currently given by the Dhawan and Nara-
simha9 expression

x 1 exp A 2 (10)

with

max x xt 0
A 0 412 (11)

where xt denotes the transition point and characterizes the ex-
tent of transition. For attached � ows, an experimental correlation
between and xt is

Re 9 0Re0 75
xt

(12)

The transition point xt is determined as a part of the solution pro-
cedure and is the point that corresponds to the minimum skin fric-
tion.

The model constant a is determined in the current work by com-
paring with the � at-plateexperimentsof Schubauer and Klebanoff10

and Schubauer and Skramstad.11 These classical experiments are
well documented in the literature and cover a range of freestream

turbulenceintensitiesTu. The constant is correlated as a function of
the freestream intensity as

a 0 0095 0 019Tu 0 069 Tu 2 (13)

Results
The present model was incorporated into the boundary-layer

(BL) code of Harris and Blanchard12 and the Navier–Stokes (NS)
code of Robinson and Hassan.6 The boundary conditions used in
these calculations are those appropriate for any turbulence calcu-
lation. Further, grid convergence studies were conducted and the
results are grid resolved.The BL calculationswere carried out with
approximately 100 points normal to the wall. Computations with
the NS code for � at plateswere carried out on a grid with 100 points
in the streamwise direction and 50 points normal to the wall. Cal-
culations for the airfoil cases were done on a grid with 256 points
along the airfoil and 91 points normal to the wall.

The location of minimum skin friction is commonly taken as the
onset of transition. In practice, it is very dif� cult to determine the
minimum skin friction point in an evolving calculation. This can
be due to either the transient nature of NS calculations or local
oscillations in the skin friction itself, as seen in later airfoil results.
To alleviate this problem, an alternate criterion was developed by
comparingwith the � at plate results. It was observedthat the present
methodpredictedthe localskin-frictionminimumat a locationalong
the plate where the maximum t 9%. This criterion can be
stated differentlyby noting that the turbulentReynolds number ReT

can be written in the laminar region ( 0) as

ReT 1 C t (14)

Written in this form, ReT can be considered a � uctuation
Reynolds number instead of a turbulent Reynolds number. The lo-
cation of transition onset xt is then determined as the minimum
distance along the surface for which ReT 1.

Only limited results are presented here; additional results are
available in Ref. 5. Figure 1 compares results from the present
method with the skin-friction measurements of Schubauer and
Klebanoff over a � at plate.10 As is seen, both BL and NS codes well
predict the transition onset and skin-friction distribution through-
out the � ow� eld. To determine the validity of the correlation for
the model constant, the airfoil experiments of Mateer et al.13 are
considered. They employed a supercritical airfoil over a range of
angles of attack and Reynolds numbers. Figure 2 compares current
predictions using both BL and NS codes and those using the en

method and the turbulencemodel of Menter14 with experiment.The
conditions of the experiment are Reynolds number of 2 106, a
freestreamMach number of 0.2, an angle of attack of 0 5 deg, and
freestream rms pressure and velocity disturbance levels of 0.02P
and 0.005U , respectively. As is seen in Fig. 2, the present model
does a much better job than the en method in predicting transition
onset.

Fig. 1 Comparison of present method with the experiment of Schu-
bauer and Klebanoff,10 Re = 1 67 106/m, BL code.
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Fig. 2 Comparison of present method and en method with the airfoil
experiment of Mateer et al.,13 Rec = 2 106 , = 0 5 deg.

Conclusion
In summary, the presentmodel requiresreplacing t and k in any

two-equation turbulence code by Eqs. (8) and (9) to calculate tran-
sition onset and the complete � ow� eld. Because of this, the present
approach provides an inexpensive alternative to the en method and
methods based on the nonlinear PSE.
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I. Introduction

A N important factor limiting the performanceof supersonicair-
craft propulsion systems is the phenomenon of three-dimen-

sional separation that occurs in the compression process. The
consequentformation of vortical structures reducespressure recov-
ery and increases distortion. One of the primary indicators of the
� ow� eld is the shock structure. In a recent work, Garrison et al.1

presentplanar laser scattering(PLS) imagesof the shockstructurein
the triple-shock(TS) interactionshown schematicallyin Fig. 1. The
incomingequilibriumturbulentboundarylayer is subjectedto shock
wavesarisingat threecompressionsurfaces,viz., the two 15-deg� ns
and the 10-deg ramp. The � ow� eld representsa progressionin com-
plexity from a single intersectingwedge corner2 and the double-� n
(DF) con� gurations, e.g., Ref. 3. Rapid advances in computational
technology in the past decade have made possible increasingly so-
phisticated theoretical studies to model such interactions. It is the
objective of this work to computationally investigate the complex
shock structure arising in the TS interaction. We validate the com-
puted structure by comparison with the PLS observationsof Ref. 1.
Subsequently, the computationsare employed to map the details of
the shock intersections.The � ow� eld parametersare summarized in
Fig. 1. For brevity, the reader is referred to Ref. 4 for computational
details. The model is similar to that employed successfully for DF
shock structure.3 Brie� y, the three-dimensionalReynolds-averaged
equations are solved with a high-resolutionupwind-biased scheme
and a two-equationk– turbulencemodel. The mesh employedcon-
sists of 99 107 114 nodes. A discussion of mesh adequacy can
be found in Ref. 4.

II. Results
The shock structure of TS is highly three dimensional. To fa-

cilitate description and comparison with experiment, we employ
spanwise cutting planes of the type shown schematically in Fig. 1.
Figure 2 depicts the computed results with the magnitude of the
three-dimensional pressure gradient p on a sequence of such
planes. In each frame, the left, right, and bottom boundariesare the
symmetry plane, the right � n, and the ramp surfaces, respectively.
The PLS observationsmay be found in Ref. 1 and are not reproduced
here. We note, however, that the comparison with the present cal-
culations is excellent and the modest discrepanciesthat do exist are
noted later. Further, the nomenclatureemployed (Fig. 2) is identical
to that of Ref. 1 with the exception of feature 18 as discussed later.

The shock systems from the left and right � ns cross at the sym-
metry plane. Thus, as the cutting plane is moved downstream, the
shock system appears to re� ect off the symmetry plane and is de-
scribed later in this manner. In the subsequent discussion, no tem-
poral signi� cance is attached to terms denoting movement or to the
superposed arrows. They refer rather to the apparent motion of the
shock trace as the cutting plane is moved downstream. In this con-
text, shocks generally “move” into the upstream � uid and impart it
a velocity in the same direction.

Figure 2a shows the structure at a station where the shock sys-
tems originating at each ramp-� n corner have not yet “propagated”
to the symmetry plane. The features include the inviscid � n shock
(1), the corner shock (2), the ramp shock (3), an “embedded” � n
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